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Local Fading Memory Property
The main text assumes stability of the open loop system, both to guarantee the existence of the xed point x̄, and
to justify the application of the Nyquist criterion. Here we argue that this condition holds for networks trainable by
Echo State protocol [1] or by FORCE [2].
The terms "echo state property" and "fading memory property" coined in [1] refer to the requirement for globally
convergent dynamics of the reservoir network. This property was originally claimed to be a necessary condition for
reservoir network training to succeed. However, Sussillo and Abbott [2] showed that intrinsically chaotic networks
(g > 1) can be successfully trained as well. In principle, there are two hypothetical mechanisms by which a rank one
T
perturbation wF B wout
, added to a stochastic matrix W with spectral radius greater than unity, might enable the
formation of a stable trajectory:
T
1. Linear: State feedback stabilization [3] of unstable eigenvalues of W − I by wF B wout
. The spectrum of W
can be arbitrarily modied (and, in particular, stabilized, similarly to [4]) by a suitable wout , subject to the
controllability matrix C , [wF B , W wF B , W 2 wF B , ...W N −1 wF B ] being full rank. For W independent of wF B
and nite N , one can conjecture that the rank of C is full and controllability condition holds. However, C is
expected to be very non-regular for large N , resulting in nonregularity of the resulting stabilizing readout wout .

2. Non-linear: The trajectory obtained by training is such that chaos is suppressed in the open loop system [5, 6].
While the spectral radius of W exceeds unity, characteristic amplitudes of the state vector elements are large
enough to keep the derivatives of r(x) low and linearization of W r(x(t)) w.r.t. x(t) stable.
According to our numerical investigation, only mechanism #2 contributes to stabilization, namely, chaos must be
suppressed along the open loop trajectory for the training to succeed completely. This is true for both online update
of wout (FORCE algorithm [2]) and a batch update [1]. If chaos is not suppressed in the reservoir, the output will
either be noisy or totally lose its relation to the target. Thus the assumption of Open-loop stability is valid for the
training techniques of both [1] and [2].
Figure 1 shows that in our case of xed point attractors, successful training of the full network (main text eq. 1) by
FORCE, is possible only if the open loop system (main text eq. 2) is stable at the target point A (here the training
is for a single target xed point). We also veried this behavior for more complex patterns - the combinations of
sine waves used in [2]. Here, we demonstrate that training by FORCE does not reduce the fraction of chaotic (nonperiodic) activity in the internal state x(t)
D , compared toE open loop network (main text eq. 2) driven by the target
pattern ft (Figure 2). The output error (z(t) − ft (t))2 is also non-zero as long as chaotic activity persists in the
reservoir. Here, following [7], we quantify the amount chaos in state dynamics x(t), by the non-periodic fraction of
the autocorrelation function C(τ ) = xT (t)x(t + τ ) ( [7], Fig. 3a).
Remarkably, for simple output patterns, e.g. a xed point or a pure sine wave, we observe that training does
succeed to some extent even in the chaotic regime, and output, while noisy, visually resembles the target. Formal
characterization of such a partial success can be of a great interest, but falls out of the scope of the current study.

Derivation of open loop gain for multiple xed points
In analysis of large random RNN [8], products of a form N
j=1 Wij φ(xj (t)) were approximated by a random eld
ηi (t) independent of the site potential xi (t). In general, given arbitrary vectors a, b ∈ RN and the ensemble of random
Gaussian matrices
W , second order statistics of a0 = W a and b0 = W b are given by: a0i ∼ N (0, g 2 N −1 aT a) and

T
T
2 T
E b W W a = g b a. Furthermore, the elements a0i , b0i are jointly Gaussian. Assuming self averaging properties of
W , the element-wise distribution are the same as the ensemble ones, and covariance is given by < a0 , b0 >= N −1 a0T b0 =
g 2 < a, b >.
In our derivations joint second order statistics of two complex vectors are not required, however joint statistics of a
real and a complex vector are extensively used. In the case of one of the vectors being complex, i.e. c ∈ CN covariance
with a real vector a ∈ RN can be represented by a complex scalar, rather than by a matrix. Namely, one denes
q ∈ C such that Re{q} =< Re{c}, a > and Im{q} =< Im{c}, a >. Furthermore for zero-mean a, c, it is convenient
P
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Figure 1: Results of FORCE training targeting xed a single point A = 0.15, 0.20, ...0.5. Maximal Real Lyapunov exponent
in the corresponding open loop system is shown on right. Insets provide zoom for graphs with uctuations too small to be
distinguishable at the main panel. Bottom inset shows that a longer simulation time for target A = 0.15.

to dene α = q < a, a >−1 and then use notation of ck = αa and c⊥ = c − ck . The latter notation of orthogonality
makes sense since one can easily verify that < c⊥ , a >= 0.
P
The readout in multiple xed point case is given by wout = N −1 M
n=1 kn r̄n . The coecient vector k is derived
from k = (A1 ...AM )C −1 with (A1 ...AM ) denoting a row vector composed from the desired output values and the
correlation matrix C is given by Cnm = N −1 r̄nT r̄m ≈ g −2 cnm σn σm , with cnm , σn and σm representing the second
2
of states, associated with xed points z(t) ≡ An , z(t) ≡ Am
order statistics of elements of x̄. Given variances σn2 , σm
and obtained according to (main text eq. 8), one can use self consistency to nd the correlation coecient cnm ,
namely, we have:
cnm σn σm =< x̄m , x̄n >= g 2 < r̄n , r̄m >=
= g2

ˆ
DwDy1 Dy2 φ (wAn + σn y1 ) ×



p
× φ wAm + σm cnm y1 + 1 − c2nm y2

(1)

and coecients km for 1 ≤ m ≤ M follow.
Note that for Am = An , the complete correlation, cmn = 1 is always a solution of (1). If this solution is unique
then uniqueness of a steady state x̄n in an open loop system, driven by f = An follows. For φ(x) = tanh(x) we are
not aware of a case where an additional solution for (1) emerges.
T 0
Next, we compute the projections Gnm (ω) =< r̄m
Rn Xn (ω) >. Similarly to G00 (ω) of (main text eq. 12) we have
2
Gnn = (1 + iω)αn (ω)σn . To proceed with Gnm (m 6= n), we decompose x̄m as in (1) and decompose Xn accordingly:
1
Xn = X 0 + αn σn y1 + αmn σm y2 + Xn⊥
(here y1 , y2 are i.i.d unity variance Gaussian vectors). Using
cnm σm y1 +

p
1 − c2nm σm y2 = x̄1m = W r̄m

and
(1 + iω)Xn1 = W Rn0 Xn

we have:
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Figure 2: Chaotic (non-periodic) fraction of energy in the open loop system (main text eq. 2) plotted vs. chaotic energy in the
trained system (left) and versus normalized mean squared error (right).



p

1
< cnm σm y1 + 1 − c2nm σm y2 , (1 + iω) αn σn y1 + αmn σm y2 + Xn⊥
>=
T 0
=< W r̄m , W Rn0 Xn (ω) >= g 2 < r̄m
Rn Xn (ω) >= g 2 Gnm (ω)

The resulting self consistency equation for αmn is:


p
2
αnm = (1 + iω)−1 γ0 + γ1 αn + γ2 αnm
g 2 Gnm (ω) = (1 + iω) cnm σn σm αn + 1 − c2nm σm

(2)

with coecients γ0,1,2 dened as
ˆ
γ0,1,2 , g 2

ˆ
Dw




p
Dy1 Dy2 φ wAm + σm cnm y1 + 1 − c2nm y2 φ0 (wAn + σn y1 ) ξ0,1,2

with ξ0 = w, ξ1 = σn y1 and ξ2 = σm y2 . And general term Gnm (ω) follows:
Gnm (ω) =

Knm (iω − znm )
(iω − pnn )(iω − pnm )

with poles at
pnn = β1 − 1

and
1

−1
pnm = γ2 (1 − c2nm )− 2 σm
− 1,

a zero at


1
−1
znm = pnn − β0 γ0−1 γ1 − γ2 cnm (1 − c2nm )− 2 σn σm

(3)

4
and a gain coecient
Knm = γ0

While the pole and zero values are not fully interpretable, some insights are available, revealing typical frequency
range for non-trivial phenomena. First one can show that:
1

−1
0 0
− 1 = g 2 < rm
rn > −1
pnm = γ2 (1 − c2nm )− 2 σm

Remarkably, this expression remains always negative for a network compliant with the fading memory property which
0 0
implies 1 > max(ρ2m , ρ2n ) ≥ g 2 < rm
rn >. Calculation is done by integrating γ2 by parts with respect to y2 leading
to:
ˆ

ˆ




p
Dy1 Dy2 φ wAm + σm cnm y1 + 1 − c2nm y2 φ0 (wAn + σn y1 ) σm y2 =
ˆ
ˆ



p
1
(1 − c2nm ) 2 g 2 σm Dw Dy1 Dy2 φ0 wAm + σm cnm y1 + 1 − c2nm y2 φ0 (wAn + σn y1 ) +
ˆ
ˆ



y2 =∞
p
=
− g 2 σm Dw Dy1 φ wAm + σm cnm y1 + 1 − c2nm y2 φ0 (wAn + σn y1 ) exp(y22 /2)

γ2 = g 2

Dw

y2 =−∞

= (1 −

1
c2nm ) 2 σm g 2

0 0
< rm
rn >

Similarly, β1 can be expressed as follows:.
ˆ
2 −2

β1 = g σ

DyDwφ(wA + σy)φ0 (wA + σy)σy
ˆ
= g 2 σ −2 (σ 2 DyDwφ0 (wA + σy)φ0 (wA + σy)+
ˆ
2
σ
DyDwφ(wA + σy)φ00 (wA + σy)) − σDwφ(wA + σy)φ0 (wA + σy) exp(y 2 /2)

y=∞
)
y=−∞

and hence for sub-exponential activation functions φ we have:
ˆ
2

β1 = ρ + g

2

DyDwφ(wA + σy)φ00 (wA + σy)
´

For sigmoids centered at origin, the correction term η = g 2 DyDwφ(wA + σy)φ00 (wA + σy) is always negative.
We thus have:
β 1 = ρ2 + η < ρ 2

For g of order of one and φ(x) = tanh(x), η remains of the order of one as well. For g → +∞ sigmoidal φ implies
σ ∝ g and here further work is needed to elucidate the balance between growing g and vanishing importance of the
second derivative φ00 (wA + σy) w.r.t the Gaussian measure.
For the zero znm , we are not aware of a meaningful simplication for a general case. However, in a limit of close
training targets An − Am → 0, we have pmn = ρ2 − 1, where ρ is the spectral radius of an open loop system (main
text eq. 2). This term, potentially diverging at the edge of the chaos [9, 10] , is approximately canceled at the above
limit by the zero zmn (exact cancellation occurs for Am ≡ An accounting for the particularly simple solution for the
single xed point case (main text eq. 13)). For training targets that are not innitesimally close, no cancellation
occurs, and a complex frequency characteristic of both individual terms Gmn and of their weighted sum (main text
eq. 17) can emerge.
In conclusion, we may expect frequencies where resonance occurs to be of the order magnitude of the poles and
zeros elaborated above.
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